We consider an application of the tetrad formalism introduced by Cardall et al. [Phys. Rev. D 88 (2013) 023011] to the problem of a rigidly rotating relativistic gas in thermal equilibrium and discuss the possible applications of this formalism to relativistic lattice Boltzmann simulations. We present in detail the transformation to the comoving frame, the choice of tetrad, as well as the explicit calculation and analysis of the components of the equilibrium particle flow four-vector and of the equilibrium stress-energy tensor.
Introduction
In general relativity, the time component of the momentum 4-vector of a particle of mass m is constrained to obey the mass-shell condition 1 :
In relativistic kinetic theory, the spatial components p i are regarded as independent variables, while p t is considered to depend on p i and the space-time metric components g µν through Eq. (1) [1] .
When numerical algorithms are employed, this dependence of the form of p t on the space-time metric can induce numerical complications. We refer in particular to the lattice Boltzmann method, where the momentum space is discretised to provide an efficient quadrature tool for the evaluation of N µ and T µν [2] . To avoid the cumbersome dependence of the mass-shell condition (1) on the space-time characteristics, non-holonomic tetrad fields e μ µ and the corresponding dual one-forms ωμ µ can be introduced, such that the resulting metric is the Minkowski metric ημν = diag(−1, 1, 1, 1) [3, 4, 5] :
With respect to such a tetrad, the mass-shell condition (1) reduces to the Minkowski point-independent form:
1 Throughout this paper, we use units in which c = = K B = 1. We also use the mostly-plus convention for the metric signature.
Moreover, the formalism of Ref. [5] allows the spatial part of the momentum space to be parametrised with respect to arbitrary coordinates, including spherical coordinates, which were employed also for lattice Boltzmann simulations in Ref. [6] .
In this paper, we present an application of the tetrad formalism to the problem of a uniformly rotating relativistic gas on Minkowski space. The aim of this paper is to illustrate the use of the tetrad formalism introduced in Ref. [5] to a simple problem, which we hope will facilitate its implementation in future applications of the lattice Boltzmann method.
The paper is organised as follows. In section 2, we briefly present the relativistic Boltzmann equation and the properties of thermodynamic equilibrium for the cases of Maxwell-Jüttner (M-J), Bose-Eintein (B-E) and Fermi-Dirac (F-D) distributions. Section 3 presents the problem of a relativistic rotating gas, solved using the tetrad formalism [5] . We also present a detailed analysis of the resulting profiles of the particle number density n, energy density ǫ and pressure P for the gas at equilibrium when M-J, B-E and F-D statistics are employed. Section 4 concludes this paper.
Relativistic Boltzmann equation
The Boltzmann equation for a relativistic gas can be written as [1] :
where the one-particle distribution function f ≡ f (x µ , p i ) is defined in terms of the space-time coordinates x µ and particle momentum components p µ such that
gives the total number of particles crossing the hypersurface element
at constant x 0 , having momenta in a range dp 1 dp 2 dp
In the above, g represents the determinant of the space-time metric g µν . The time component p t of the momentum 4-vector is fixed by the mass-shell condition (1). The connection coefficients Γ i µν appearing in Eq. (4) have the following expression with respect to a holonomic frame:
where a comma denotes differentiation with respect to the coordinates, e.g. g σµ,ν ≡ ∂ ν g σµ ≡ ∂gσµ ∂x ν . At local equilibrium, the collision integral C[f ] vanishes and f is given by [1, 7] :
where Z represents the degrees of freedom, β = 1/T is the inverse local temperature, u µ are the covariant components of the macroscopic velocity 4-vector, and we have considered a vanishing chemical potential. The constant ε takes the values −1, 0 and 1 for the F-D, M-J and B-E distributions, respectively. The conditions imposed on β and u µ such that f = f (eq) can be found by substituting Eq. (7) into Eq. (4):
where
Keeping in mind that p t is a function of x µ and p i , the mass-shell condition (1) can be used to obtain the following identities:
Thus, Eq. (8) reduces to [1] :
Since this relation must be valid for any p µ we must have that βu µ is a Killing vector field of the space-time. For a given particle distribution function f , the particle four-flow N µ and the stressenergy tensor T µν are given by 2 :
At equilibrium, these quantities can be related to the fluid 4-velocity as follows:
where n, ǫ and P are the particle number density, internal energy density and isotropic pressure, while the projector ∆ µν is defined by:
3. Relativistic rotating gas
Flow parameters
Let us consider the problem of a relativistic gas in Minkowski space rotating about the z axis with constant angular velocity ω = (0, 0, ω). In special relativity, such a system can only exist up to a distance ρ = ω −1 from the rotation axis, where co-rotating particles rotate at the speed of light (SOL).
It is convenient to work in cylindrical coordinates (x 0 , x 1 , x 2 , x 3 ) = (t, ρ, ϕ, z), with respect to which the Minkowski line element takes the following form:
from where the metric components can be read:
The 4-velocity for such a flow can be written as [1] :
where Ω 0 is a constant. Keeping in mind that u µ = g µν u ν , it can be seen that the Killing equation (10) is automatically satisfied. The requirement that the 4-velocity has unit norm implies the following relation:
such that the inverse temperature is given by:
where β 0 is the inverse temperature on the rotation axis (i.e ρ = 0), and is linked to Ω 0 as follows:
Identifying ρω as the velocity of a particle rotating with angular velocity ω at a distance ρ from the rotation axis, the factor
can be seen to represent the corresponding Lorentz factor, such that u µ can be written as:
It can be seen that γ → ∞ as the SOL is approached (i.e. ρω → 1), rendering the four-velocity (22) ill-defined past this point.
Transformation matrix
Let the matrices Lμ µ , L µμ represent the transformation from the coordinate system {x µ } to a new coordinate system {xμ}, such that
According to the algorithm described in Ref. [5] , the above transformation must be chosen such that the resulting flow 4-velocity is
and the resulting metric has the Minkowski form
The resulting coordinate system is in general non-holonomic and its associated tetrad vectors and corresponding dual 1-forms are:
such that
From the above identifications, it can be seen that
In this section, we reproduce the steps indicated in Ref. [5] , specialising to the problem of a rigidly rotating gas on Minkowski space. Since in the new frame, the flow 4-velocity has components given by Eq. (24), the components of L µμ are easily identified forμ =t:
due to the transformation property:
Similarly, it is convenient to introduce three spatial vectors w, y and z of unit norm, which have the following components in the comoving frame:
Thus, L µμ can be written as:
while its inverse Lμ µ is given by:
Let us now define the normal n µ = (−1, 0, 0, 0) to the three-surface of equal t. It is convenient to split u µ as follows:
where v is orthogonal to n, i.e. v µ n µ = 0. Taking the contraction of the above expression with n µ gives:
in accord with Eq. (69) of Ref. [5] . Next, the vectors w µ , y µ and z µ can be written as:
where a, b and c are orthogonal to n:
Since in our case, n µ = (−1, 0, 0, 0), the above equations imply:
Using Eq. (25) forμ =t andν =î shows that w, y and z are orthogonal to u:
from where the following relations can be found:
Specialising to the metric (16) and using the four-flow (22) gives:
Finally, using Eqs. (25) forμ =î andν = forî = shows that w, y and z are mutually orthogonal:
while forî =, the following unit norm conditions are recovered: 
Eq. (42c) can now be used to find that C = 0, while Eq. (44c) allows us to fix c 3 = 1. 
giving rise to the following transformation matrices:
Tetrad
The tetrad frame vectors eμ and co-frame 1-forms ωμ can be obtained by substituting Eqs. (47) into Eqs. (26):
It can be checked that the orthogonality relation (27) is automatically satisfied.
Since the metric expressed with respect to this non-holonomic tetrad (48) is the Minkowski metric, the connection coefficients are given by [8] :
where the Cartan coefficients are defined as:
Due to the anti-symmetry of the commutator, the Cartan coefficients are antisymmetric with respect to the first two indices:
We note that this also implies an anti-symmetry in the first two indices of the connection coefficients:
To calculate the commutators of the basis vectors eμ in Eq. (50), the following property can be used:
The non-vanishing Cartan coefficients are:
Hence, the connection coefficients are:
Momentum space
Following the application of the transformation L µμ , the momentum space also changes
i.e. such that pμeμ = p µ ∂ µ . For completeness, we list the components of pμ in terms of the cylindrical components p µ :
It can be checked that the above components obey the mass-shell condition with respect to the Minkowski metric:
As pointed out in Ref. [6] for lattice Boltzmann simulations, a separation of variables with respect to the spherical coordinate system is convenient to construct quadratures for the evaluation of the moments in Eqs. (12) . Following Ref. [5] , we can introduce a metric for the spatial part of the momentum space, such that the line element is given by:
Changing to the spherical coordinates in momentum space pĩ = (p, θ p , ϕ p ), defined through:
pẑ =p cos θ p ,
induces a new metric λĩ, defined as:
where Pîĩ and its inverse, Pĩî, represent the matrices for the transformation between the coordinates pĩ and pî, being defined as:
The components of Pîĩ can be calculated from Eqs. (60):
while its inverse is given by:
Hence, the new metric λĩ takes the following form:
Integration in momentum space can now be performed using the following measure:
where d 3 p = dp dθ p dϕ p and √ λ = p 2 sin θ p is the square root of the determinant of λĩ (65). The hydrodynamic moments (12) can now be computed:
where dΩ p = sin θ p dθ p dϕ p is the elementary solid angle in momentum space. The tetrad formalism presented in this section can be employed for the computation of the moments of f with respect to spherical coordinates in momentum space in a manner which is decoupled from the background space-time. In lattice Boltzmann simulations, this decoupling can facilitate the use of the quadrature methods developed for Minkowski space when arbitrary space-times are considered.
For completeness, we also consider the momentum decomposition [5] of the transformation matrix Pĩî, but since this topic is not relevant to the remainder of this paper, we present it in appendix A.
Boltzmann equation and equilibrium states
Owing to the general covariance of the Boltzmann equation (4) , the transition to the new coordinates in momentum space is straightforward. However, it is convenient to express the Boltzmann equation with respect to the original space-time coordinates, since the relation between the coordinates xμ in the new system and the coordinates x µ in the original system can be found by integrating the system of equations given by ∂xμ/∂x µ = Lμ µ . Thus, we write the Boltzmann equation as:
where f ≡ f (x µ , pĩ) depends on the original coordinates x µ and the new momentum space variables pĩ = (p, θ p , ϕ p ).
To study the equilibrium hydrodynamic profiles with respect to the new frame, the equilibrium distribution function (7) can be written as:
where the macroscopic velocity with respect to the tetrad has components uμ = (1, 0, 0, 0). The restrictions on β can be found by substituting Eq. (69) into the Boltzmann equation:
where Eqs. (55) were used for the connection coefficients. The solution of the above equation is:
where γ is defined in Eq. (21) and β 0 represents the inverse temperature at ρ = 0. The above result is in agreement with Eq. (19).
Equilibrium hydrodynamic profiles
The hydrodynamic fields can be found by integrating Eq. (69) over the momentum space, using the integration measure in Eq. (66):
Due to the symmetries of the integration measure, it can be seen that Nî = 0, Ttî = 0 and Tî ∼ δî, such that Nμ = (n, 0, 0, 0), Tμν = diag(ǫ, P, P, P ),
Expressions for n, ǫ and P can be derived for all three distributions, the expression (7) can be written in a power series, as follows:
where f (eq) M−J is the M-J distribution given by Eq. (7) for ε = 0. Hence, the hydrodynamic profiles for the F-D and B-E distributions can be determined by summing over the M-J profiles at increasing values of β. Switching to the variable x = pt/m = 1 + p 2 /m 2 in Eqs. (74) allows n, ǫ and p to be written as:
The integrals above can be calculated exactly using the integral expression for the modified Bessel functions of the second kind [9] :
together with the following recurrence relation [9] :
The following expressions are obtained for n, ǫ and P :
written in terms of the corresponding expressions calculated using the M-J distribution at inverse temperature (j + 1)β:
reduces to unity in the massless limit (i.e. m → 0). Substituting Eqs. (80b) and (80c) into Eqs. (79b) and (79c), respectively, gives the following expression for the equation of state w = P/ǫ:
where β 0 = β(ρ = 0) is the inverse temperature on the rotation axis. It can be seen that w only depends on two parameters: β 0 m and ρω.
Analysis of the equilibrium hydrodynamic profiles
Due to the dependence (19) of the inverse temperature β depends on the position ρ, the hydrodynamic variables n, ǫ and P diverge as the speed of light surface (SOL) is approached ρ → ω −1 , for all three statistics considered. To further investigate their properties, approximations or numerical techniques can be employed. For the M-J equilibrium distribution, Eqs. (80) give analytic closed-form expressions for n, ǫ and P . For the F-D and B-E cases, closed-form expressions are, to the best of our knowledge, not known for general values of the mass m. In subsubsection 3.7.1, an analysis of the small mβ limit is presented, while in subsubsection 3.7.2, we present some numerical results.
Small mass or large temperature
At small mβ, the modified Bessel functions in Eqs. (80) can be expanded as [9] :
such that the first mass correction in Eqs. (80) can be obtained:
To obtain similar small mass corrections when the F-D and B-E statistics are employed, the above results can be substituted into Eqs. (79). It can be seen that continuing the above expansions to higher powers in mβ eventually will lead to divergent sums over j, since in Eqs. (79), β is multiplied by j + 1. The reason for this apparent divergence is that the expansions in Eq. (83) are only valid for small arguments of the modified Bessel functions. However, it is still possible to obtain the corrections in mβ for the terms where the sums over j do not diverge. In such terms, the sums over j can be computed in terms of the Riemann zeta function ζ(z), which satisfies the following properties [10] :
where z > 1. The values of z which are of interest in the present case are [10] :
Thus, the small mβ limit of Eqs. (79) when B-E statistics are employed reduces to:
No correction can be obtained for n B−E due to the divergent behaviour of ζ(1) [10] . Similar expressions can be obtained for the F-D statistics:
where the correction in n F−D was obtained using the following identity [10] :
Having obtained approximate expressions for the energy density and pressure, the equation of state w (82) can be computed at the same order:
Since the equations of state only depend on the combination mβ, the small mass and high temperature limits coincide. For vanishing mass, Eqs. (90) reduce to w = 1/3. This is also the case when the SOL is approached (i.e. ρω → 1) and β → 0, as can be seen from Figure 1 (c). We also note that, as the SOL is approached, n M−J , ǫ M−J and P M−J diverge as powers of γ = (1 − ρ 2 ω 2 ) −1/2 , as illustrated for ǫ M−J in Figure 1(d) .
Numerical results
For the general case an analytical expression for the F-D and B-E equilibrium fields can not be obtained. Fortunately, the series in Eqs. (80) are fastly convergent, allowing the sum to be truncated at finite values of j. To estimate the error due to the truncation of the series at j = j max , we introduce the following quantity:
where we set J = 100 and ε = 1 and −1 for B-E and F-D statistics, respectively. The second equality in Eq. (91) shows that err depends only on the product mβ. It is thus sufficient to check the convergence for small and large values of mβ. We have found that freedom Z as the B-E and F-D distributions, respectively. For this purpose, we construct
where the normalisation factor s ε is introduced to account for the proportionality factors between the massless limits of ǫ B−E (87b) and ǫ F−D (88b) relative to ǫ M−J (84b). Its value is given by:
It can be seen from Eq. (92) that δǫ ε only depends on the quantities β 0 m and ρω. As shown in Figure 1 (b), the energy density ǫ 1 corresponding to B-E statistics becomes more energetic than the corresponding M-J energy density ǫ 0 as βm increases (large mass or small temperatures). For a fixed value of β 0 m, δǫ 1 decreases to 0 as the SOL is approached. On the contrary, in the F-D statistics, ǫ −1 decreases with β 0 m, while for fixed β 0 m, it increases with ρω. Further, to gain insight on the behaviour of the isotropic pressure P with respect to the energy density ǫ, it is instructive to consider the equation of state w (82). Figure 1(c) shows w for the Maxwell-Jüttner distribution in terms of ρω for five values of β 0 m. When massless particles are considered, w = 1/3 everywhere. As the mass increases, w decreases, in agreement with the minus sign in Eq. (90a). For a fixed value of βm, w increases with ρω, reaching 1/3 as the SOL is approached.
Finally, Figure 1(d) shows the ratio between the M − J energy density ǫ(ρ) and the value of ǫ on the rotation axis for massless particles:
As before, ǫ also depends only on mβ 0 and ρω. As the SOL is approached, the argument of the modified Bessel functions above tends to 0 and the γ 4 prefactor becomes dominant, such that close to the SOL, the profiles corresponding to different β 0 m overlap, diverging at the same rate.
Stress-energy tensor
Using Eqs. (47), the rest frame components T µν of the stress-energy tensor (SET) can be obtained from the tetrad components Tμν as follows:
It is instructive to consider the massless limit shown in Table 1 . The Bose-Einstein results coincide with the Planckian forms reported in Ref. [11] . However, quantum field theory yields an infinite thermal expectation value of the SET for the Klein-Gordon field throughout the space-time [11, 12, 13] .
In Ref. [12, 13] , the thermal expectation value of the SET is computed analytically for Dirac fermions using quantum field theory. Our results recover exactly the β −4 terms when the components of the SET are expressed with respect to the (static) tetrad, however, the results of Ref. [12, 13] contain non-trivial quantum corrections of order β −2 . A more detailed analysis of these quantum corrections is postponed for future work.
Conclusion
In this paper, we have considered an application of the tetrad formalism introduced in
Ref. [5] to the problem of a rigidly rotating relativistic gas in Minkowski space, which can provide a basis for the construction of lattice Boltzmann models where the momentum space is completely decoupled from the space-time metric. We further analyse analytically is the projection of Pĩî orthogonal to pî, written in terms of the momentum space orthogonal projector:
For our example, we find:
where we remind the reader that pĩ = (p, θ p , ϕ p ) T . Using P1î = ∂p/∂pî = pî/p, the matrix
Uĩî has the following components:
Similarly, the matrix Pîĩ can also be projected:
where Qĩ = Pîĩpî = ∂p ∂pĩ = (1, 0, 0).
Using Pî1 = ∂pî/∂p = pî/p, the components of Uîĩ are:
Combining Eqs. (100) and (103) confirms Eq. (114) from Ref. [5] :
Similarly, Eqs. (100) and (101) and Eqs. (103) and (104) can be used to show:
Finally, Eq. (117) from Ref. [5] can be checked as follows:
where the properties PîĩPĩ = δî, Pî1 = pî/p and P1î = pî/p were used.
